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Abstract. Let R be a commutative Noetherian ring of Krull dimension d admitting a dualizing 
complex D and let a be any ideal of R, we prove that F a (G) is Gorenstcin injective for any 
Gorenstein injective i?-module G. Let (R, m) be a local ring and M be a finitely generated 
il-module. We show that GidRr m (M) < oo if and only if Gid^j(M ® fl R) < oo. We also 
show that if Gfd^jRr m (M) < oo, then Gfd^M < oo. Let (R, m) be a Cohen-Macaulay local 
ring and M be a Cohen-Macaulay module of dimension n. We prove that if H™(M) is of finite 
G-injective dimension, then GidjiH™(M) = d — n. Moreover, we prove that if M is a Matlis 
reflexive strongly torsion free module of finite G-flat dimension, then Gfd/jM < oo, where M is 
m-adic completion. 



Throughout this paper, R is a commutative Noetherian ring (with identity). Grothcndieck 
local cohomology theory is an effective tool for mathematicians working in the theory of commu- 
tative algebra and in algebraic geometry. There are several ways to compute these cohomology 
modules. For instance, following [BS], they can be computed by use of the right derived functors of 
the a-torsion functor r a (— ) = UneN^ : (-) a ")i where a is an arbitrary ideal of R. One of the main 
theorem in local cohomology subject is Grothendieck's local duality theorem. Let (R, m) be a local 
ring of dimension d admitting a dualizing module uj. The local duality theorem establishs a relation 
between the functors T m (— ) and Homjj(-,[j). So one may study the homological dimensions of 
i?-modules in terms of the study of local cohomology. 

The author in [S3] studied the effect of the section functor r„(— ) on the Auslandcr and 
Bass classes of -R-modules, specially when the module was Gorenstein injective, Gorenstein flat or 
maximal Cohen-Macaulay and a was any ideal of R. In this paper we will continue this argument 
for some i?-modulcs which arc more general. 

In this paper we show that if R admits a dualizing complex D and o is any ideal of R , 
then r a (G) is Gorenstein injective for any Gorenstein injective module G (see Theorem 3.2). As a 
conclusion of this theorem we show that if A is a homologically left bounded complex in D(R) and 
of finite Gorenstein injective dimension, then GidflRr a (A) < GvIrX (see Corollary 3.3). We also 
prove that — infRr a (X) < GvIrX for any homologically left bounded complex X (see Theorem 
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Let (R, m) be a local ring. Another principal aim of this paper is to study of the Gorenstein 
homological dimension of finitely generated i?-modules in terms of the Gorenstein homological 
dimension of its local cohomology modules at the maximal ideal m. We show that if M is a finitely 
generated i?-module, then Gid/jRr m (M) < oo if and only if Gid^(M ®r R) < oo. (see Theorem 
3.3). In particular, if M is a non-zero cyclic i?-module such that Gid^Rr m (A/) < oo, then R is 
Gorenstein (see Corollary 3.8). We also show that if M is a finitely generated i?-module such that 
Gfd fl Rr m (A/) < oo, then Gfd R M < oo (see Theorem 3.9). 

Assume that (R, m) is a Cohen-Macaulay local ring of dimension d. We shall prove that if 
M is a Cohen-Macaulay R- module of Krull dimension n such that i/"(M) is of finite Gorenstein 
injective dimension, then Gidft(iT™(M)) = d — n (see Theorem 3.10). In the end of this paper, 
we prove that if M is a Matlis reflexive strongly torsion free ii- module with Gid^M < oo, then 
Gfd^M < oo (see Theorem 3.11). As a conclusion of this theorem, we prove that if Gfd^M < oo, 
then Gidfl(Homij(M , ui)) < oo, where u is the dualizing module of R. 

2. Preliminaries 
In this section we recall some definitions that we use later. 

Definition 2.1. Xu [Definitions 5.4.2 and 5.4.1] has introduced the notion of a strongly torsion 
free and of a strongly cotorsion module. An i?-modulc M is said to be strongly torsion free 
(strongly cotorsion) if Torf (F, AI) = (Ext^(F, M) = 0) for any i?-module F of finite flat dimen- 
sion. One can easily show that M is strongly torsion free (strongly cotorsion) if Torf^(F, M) = 
(Ext^F, M) = 0) for any i > 1 and any i?-module F of finite flat dimension. 

Definition 2.2. Following [EJ1], an i?-module N is said to be Gorenstein injective (or G-injective) 
if there exists a Horn (I, — ) exact exact sequence 

. . . — >■ E\ — y Eq — ^ E — )■ E . . . 

of injective R- modules such that N = Kei(E° — > E 1 ). Dually, an R- module M is said to be 
Gorenstein flat (or G-flat) if there exists anl0- exact exact sequence 

. . . H- Fx -)• F a F° F 1 -> . . . 

of flat modules such that M = Ker(F° -> F 1 ). 

Definition 2.3. We can define the G-injective dimension of an i?-modulc N, Gid^A^ as follows 
Gidj^A^ = inf{n G No|thcre exists a QI— resolution —} E of lcngth< n}, where QX denotes 
the class of all G-injective modules. We also denote by I {QI) the class of all modules of finite 
injective dimension (finite G-injective dimension). Dually, we can define the G-flat dimension of 
an i?-modulc M, Gfd^M as follows 

Gfd^A/ = inf{n £ No (there exists a QT— resolution F — > M of lcngth< n}, where QF denotes 
the class of all G-flat modules and a Q F— resolution F — > M of lcngth< n is an exact sequence 
— > F m — > F m _i —> . . . — > F a —> M — > of R- modules such that each Ft is G-flat and m < n. 
We also denote by F {QF) the class of all modules of finite flat dimension (finite G-flat dimension). 



Definition 2.4. Over a local ring (R,m) an i?-module M is said to be Matlis reflexive if M = 
Hom fi (Hom fi (M, E(R/m)),E(R/m)). 

It should be noted that if M is a Matlis reflexive i?-modulc, then any submodule and any 
quotient of M is Matlis reflexive. Enochs in [E] proved that if the ring R is local (not necessarily 
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complete) and M is a Matlis reflexive, then it contains a finitely generated submodule S such that 
M / S is Artinian. In view of these arguments, one can easily show that if M is a Matlis reflexive 
i?-module, then there is an isomorphism M = M R. 

Definition 2.5. Let (R,m) be a local ring and let M be an J?-module. Following [F], the width 
of M is 

width fl M = inf{m G Z|Tor* (fc, M) ^ 0}. 

In view of the Nakayama's lemma, on can easily see that if M is a non-zero finitely generated 
i?-module, then widthj^M = 0. 

Definition 2.6. Let A be a complex and let m be an integer. E m A denotes the complex X shifted 
m degrees (to the left); it is given by (£ m A) ; = X;_ m and df" x = {-l) m d?_ m for each I G Z. 
Also the supremum sup X and the infimum inf X of the complex X are defined by, respectively, 

supX = sup{ZGZ|H;(A)^0} and 
inf A = inf{Z e Z|H ; (A) ^ 0} 
where H;(A), Z-th homology module of the complex X, is H;(A) = Ker<9 ; x /Im9^ 1 for each I G Z. 
As the convention sup0 = — oo and inf = oo. When lb (A) = for all I G Z, we set sup A = — oo 
and inf A = oo. We note that sup E m A = sup A + m and inf E m A = inf A + m for each m G Z. 

Definition 2.7. Let A and Y be two complexes of i?-modules such that H(Y) is right bounded. 
Then there exists a quasi-isomorphism (a homology isomorphism) P — > Y with P a right bounded 
complex of projective R- modules (the complex P is usually called a projective resolution ofY). 
The symbol RHom(Y, A) is defined to be the equivalent class (under quasi isomorphism) of R- 
complexes represented by HoniR(P, A), for any projective resolution P — > Y. If H(X) is left 
bounded, then there exists a quasi isomorphism A — > I with / a bounded above complex of 
injective i?-modules( the complex / is usually called an injective resolution of X). So we can also 
define RHom(y, A) as the equivalent class (under quasi isomorphism) of i?-complexes represented 
by Homji(Y,I), for any injective resolution X — > I. In particular if A = N and Y = M be two 
i?-modules, then we can apply each one of these approaches and in this case, for each i > 0, we 
have Ext^(M, N) = J ff_ i (RHom(M, N)) 

Definition 2.8. Let R be a commutative Noetherian ring and let D(R) denote the derived cate- 
gory of i?-complexes (see Hartshorn's book [Ha]). The complex D G D(R) is a dualizing complex 
for R if D has the following conditions: 

(i) D has finite homology modules. 

(ii) D has finite injective dimension. 

(iii) The canonical morphism 8 : R — > RHom^(Z), D) is an isomorphism. 

A dualizing complex D is said to be normalized dualizing complex if supZ) = dimi?, where supl? = 
sup{n G Z\H n {D) / 0} 

Definition 2.9. An i?-module u> is said to be a dualizing module for R if to is a dualizing complex 
(concentrated in degree zero) for R. 

Similar to the G-injcctivc dimension of an i?-module we can define the G-injective dimension a 
complex as follows. 
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Definition 2.10. Let C\j(R) denote the category of all bounded i?-complexes, let C^{R) denote 
the category of i?-complexes bounded at the left and let Z? c (R) denote homologically left-bounded 
complexes (see [F]). A complex Y G D^(R) is said to be of finite G-injective dimension if there 
exists a complex B in C\j(R) such that Y ~ B where the sign ~ denotes the quasi isomorphism 
between two complexes. The G-injective dimension, Gid^Y", of Y £ D tz (R) is defined as 
GidflY = inf{sup{Z e Z|B_ ( ^ 0}\B e C n (R) is isomorphic to Y in D(R) 
and every Bi is G-injective} 

Definition 2.11. Let R be a Cohen-Macaulay local ring of Krull dimension d admitting a dualizing 
module u and with residue field k. Following [EJX], Go(R) denote the class of R- modules M 
such that Torf (uj,M) = Ext^(oj,oj <8>jj M) = for all z > and such that the natural map 
M — ► Hom(w,u M) is an isomorphism. This class of i?-modules is called Auslander class. 
Also, J {R) denote the class of i?-modulcs N such that ExV r (uj,N) = Torf (w, Hom fl (w, N)) = 
for all i > and such that the natural map ui <3r Homn(u>, N) — > N is an isomorphism. This class 
of R- modules is called Bass class. It should be noted that Go(R) and Jo(R) are also called Foxby 
classes. 

Remark 2.12. It follows from [EJ1, Proposition 10.4.23] that Jo{R) = QI. Moreover, according 
to [EJ1, Proposition 10.4.17 and Corollary 10.4.29] we have Q (R) C QT and according to [EJ1, 
Theorem 10.4.10 and Theorem 10.4.28] we have QJ- C Q Q (R). Therefore we can deduce that 
Go (R) = GJ~. When R is Gorenstein, each of the classes Go(R) and Jo(R) contains all i?-modules. 

3. The main results 

It follows from the proof of [SI, Theorem 3.1] that if a is an ideal of a commutative Noetherian 
ring R (without any other conditions on R) and G is a G-injective R- module, then Hl(G) = for 
all i > 0. This fact leads us to the following proposition. 

Proposition 3.1. Let R admit a dualizing complex D and let a be an ideal of R. If G is a 
G-injective R-module, then G'v1r{T a {G)) < oo. 

Proof. It follows from [CFH, Theorem 5.9] that Gid i? (Rr a (G)) < oo. In view of [SI, Theorem 3.1], 
for each i>0we have H l a (G) = 0. Then for each i > 0, we have 7T(Rr a (G)) = H' a {G) = 0. On 
the other hand, since Gid j R(Rr a (G)) < oo, there exists a non-negative integer t and the following 
complex of -R-modules 

G = 0^G°^G 1 ^...^G*^0 
such that each G l is G-injective and we have the quasi isomorphism of complexes Rr a (G) ~ G. 
Therefore H°(G) = r a (G) and iT(G) = for all i > 0. This fact implies that the complex 

-> r a (G) -> G° -> G 1 -> . . . -> G* -> 
is acyclic and so it is a finite G-injective resolution of r„(G). Therefore Gidi?(r a (G)) < oo. □ 

Theorem 3.2. Let R be a commutative Noetherian ring of Krull dimension d admitting a dualizing 
complex D and let a be an ideal of R. If G is a G-injective R-module, then r a (G) is G-injective. 

Proof. As G is G-injective, there is an exact sequence of i?-modulcs 

. . . ->■ Ei ->■ E Q ->■ G -> 

such that each Ei is injective and Ki = Kcr(£'i — > £^_i) is G-injective. Application of the functor 
F<i( — ) to the above exact sequence and using [SI, Theorem 3.1], we get the following exact sequence 

r^) -> r a (s ) -> r a (G) -> o. 
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According to Proposition 3.1, we have Gidn(T a (Ki)) < oo for each i. On the other hand, if N is 
any i?- module of finite G-injective dimension, in view of [CFH, Theorem 6.8] there exist a prime 
ideal p of R such that Gidi?X = dcpthi? p — widths N p . This fact implies that the following 
inequalities 

Gid^X < dcpthi? p < dimi? p = hightp < d. 
Thus Gidji(r o (ifi)) < d for each i. Now, let E be any injective i?-module. In view of [H, Theorem 
2.22] for each i > d, there are the following isomorphisms 

o = Ext^r^-!)) = Ext l fl 1 (£;,r a (/^_ 2 )) = . . . = Ext^ d (£,r a (G)). 

So for each i > 0, we have Ext^E, T a (G)) = 0. Now, it follows from [H, Theorem 2.22] that T a (G) 
is G-injcctive. □ 

Corollary 3.3. Let R be a commutative Noetherian ring of Krull dimension d admitting a dualizing 
complex D, let a be any ideal of R and let X £ D tz (R). Then Gidj?Rr a (X) < Gid^X- 

Proof. If GidjtX = oo, the inequality is clear. Let Gid^X = t and let 

X := I Q -> I-i I- t -> I-(t+i) 

be an injective resolution for X. Then K-i = Ker(7_i — > i-th cosyzygy of I, is G- 

injective for each i > t. We note that RT a (X) ~ r a (I) and hence r o (X) is an injective resolution 
of Rr„(X). On the other hand, it follows from Theorem 3.2 that T a (K_i) is G-injective for all 
i > t and so this implies that Gidj{Rr o (X) < t. □ 

Theorem 3.4. Let R be a commutative Noetherian ring, let a be any ideal of R and let X £ (R). 
Then -MBT a (X) < Gid R X. 

Proof. If GidijX = oo, the inequality is clear. Let Gid^X = t and let 

1 := ->• I -> I -i ->•...->■ I-t -> I-(t+i) ->•••• 

be an injective resolution for X. Then K-i = Ker(/_.; — > I_u +1 \), i-th cosyzygy of X, is G-injective 
for each i > t. As — inf X < t, the complex 

I-t ->• ^-(t+i) -> ■ ■ • 
is an injective resolution for K- t . On the other hand, it follows from [SI, Theorem 3.1] that 

o-»r (/_ t )->r (j_ (t+1) )->... 

is an injective resolution for T a (K- t ). Therefore Hi(RT a (X)) = for all i < —t which this implies 
the assertion. □ 

The authors in [ET2, Theorem 2.5] proved that over a commutative Noetherian local ring, 
an R- module M is G-injective if and only if it is cotorsion and Hom^(i?, M) is G-injcctive as an 
-R-module. This fact leads us to the following two lemmas: 

Lemma 3.5. Let (i?,m) be a local ring of Krull dimension d and M be an Artinian R-module. 
Then M is a G-injective R-module if and only if it is G-injective as R-module. 

Proof. As M is Artinian, there exits an exact sequence of i?-modulcs 

-> M E{R/m) ta EiR/mf 1 

such that to an d t\ are positive integer. Applying the functor Hom#(i?, — ) to this exact sequence 
and using the isomorphism Hom^(_R, E(R/m)) = E(R/m) induce the following exact sequence of 
i?-modules 

-> Rom R {R,M) -> E(R/m) to -> EiR/mf 1 . 
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The five lemma implies the isomorphism Hoitir(R, M) = M. Now we prove the assertion. At first 
assume that M is a G-injective i?-module. Using the isomorphism Komu(R,M) = M and [ET2, 
Theorem 2.5] we conclude that M is a G-injective i?-module. Conversely, assume that M is a 
G-injective R module. So there exists an exact sequence of injective i?-modules 

. . . Ei -> E a -> M ->• 

such that each ifj = Ker(i?; — > Ei-\) is a G-injective iZ- module. Let -F be an R- module of finite 
flat dimension. Since each injective i?-module is an injective i?-module, there is the following 
isomorphisms 

Ext^(F, M) S Ex4(F, K ) £* Ext|(F, Ki) £* . . . £* Ext^ +1 (F, K^). 

It follows from [RG, p. 84] that pd^F < d. This fact implies that M is a strongly cotorsion 
i?-module and so is a cotorsion i?-module. Now the result follows by [ET2, Theorem 2.5]. □ 

Lemma 3.6. Let (R, m) be a local ring and M be an Artinian R-module. Then G'vIrM = Gid^Af . 

Proof. Let GidflAf = s. Since M is Artinian, using [EJ2, Lemma 4.2], there exists an exact 
sequence of i?-modulcs 

M -> E(R/m) to -> EiR/mf 1 ->•... 
such that each ti is positive integer and K s = Ker(i?(i?/m) ts — > i?(i?/m) ts+1 ) is an Artinian G- 
injective i?-module. It follows from Lemma 3.5 that K 8 is G-injective as an i?-module and so 
Gid R M < s. Conversely assume that Gid^A/ = r. By a similar proof and using Lemma 3.5, we 
deduce that Gid^A/ < r, and hence the assertion follows. □ 

Theorem 3.7. Let (R,m) be a local ring, and let M be a finitely generated R-module. Then 
Gid fl Rr ro (M) < oo if and only if Gid R {M (g> R R) < oo. 

Proof. Let GidRF m (A7) = t and let 

1 := -> I -> I_i I- t -> ^-(t+i) -> • • ■ 

be an injective resolution of M. Then there is the following quasi isomorphisms 

Rr mA (Af ® R r) ~ r mi ^(z ® fl i?) ~ r m (x). 

Let = Kcr(/_i — ^ i-th cosyzygy of I. Since Gid#Rr m (A/) = t, we conclude that 

r m (_ftT_i) is a G-injective artinian i?-module for each i > t. It follows from Lemma 3.6 that 
T m (K^i) is G-injective i?-module for each i > t and hence Gid^Rr m ^(M ®r R) < t. Now, since 
R admits a dualizing complex, the result follows from [CFH, Theorem 5.9]. Conversely, assume 
that Gid(M ® R R) = s and let 

J := — > Jo — > J-i J-s — > J_( s +i) —>■... 

be an R- injective resolution of M ®rR. It follows from [EJ2, Lemma 4.2] that L_i = Ker(J_j — > 
J_(i_l_i)), «-th cosyzygy of J, is G-injective for each j > s. On the other hand, since M <S)r R is 
finitely generated, T mR (L-i) is artinian for each i. Thus, since R admits a dualizing complex, in 
view of Theorem 3.2, the module T a(L_ s ) is G-injective artinian i?-module and so is G-injective 
.R-module by Lemma 3.6. Therefore, Gidij(F mi ^( J)) < oo. Now the result follows by the following 
quasi isomorphisms 

HT W (M) ~ BT mA (M ® R R) ~ T mR ( J). 

□ 
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Corollary 3.8. Let (i?,m) be a local ring and let M be a non-zero cyclic R-module such that 
GidflRr m (7\/) < oo. Then R is Gorenstein. 

Proof. It is straightforward to show that if M is a cyclic i?-module, then M <S)r R is a cyclic 
.R-module too. Now, it follows from the theorem above that Gid R (M (g) R R) < oo. Thus, according 
to [FFr, Theorem 4.5] the ring R is Gorenstein. Therefore, R is Gorenstein. □ 

It follows from [CFH, Theorem 5.9] that if R is a commutative Noetherian ring admitting a 
dualizing complex, a is any ideal contained in radical of R and M is a finitely generated i?-module, 
then GfdflRr a (A/) < oo implies that Gfd«M < oo. In the following theorem, with a different 
proof we prove that if (R, m) is a local ring and a = m, then the result is true without the condition 
existence a dualizing complex for R 

Theorem 3.9. Let (R,m) be a local ring of Krull dimension d and let M be a finitely generated 
R-module. If Gfd fl Rr m (M) < oo, then Gid R M < oo. 

Proof. As M is finitely generated, there is a quasi isomorphism of i?-complcxcs Rr m (M) ~ 
KT m j i (M <8>h R). This fact and the assumption imply that Gfd^RT ^(M <8r R) < oo. On 
the other hand in view of [ET1, Corollary 3.5], if Gfd^(M ® R R) < oo, then Gfd R M < oo. 
So we may assume that R is a complete local ring; and hence R admits a dualizing complex 
G. If we consider n = d — supC, then D — £™G is a normalized dualizing complex for R, 
where £™G denotes the complex G shifted (to the left) n degrees (see [F, 15.7]). According 
to the local duality theorem for local cohomology there is a quasi isomorphism of i?-complexes 
Rr m (M) ~ E- d Hom jR (Hom jR (M, D), E{R/m)). The assumption Gfd i? Rr m (A/) < oo and [CFH, 
Theorem 5.3] imply that Gidi?((Homij;(M, D)) < oo; and hence there is a complex 

Q = -> Go -> G_i -> . . . G-t 

such that t £ No and each Gi is G-injective and there is the quasi isomorphism Hom^(A7, D) ~ Q. 
It follows from [F, 15.10] that M = Horn/? (Horn;? (M, D), D) and so in order to prove our claim, 
it suffices to show that Gid R {Ham R (Y{am R {M , D), D)) < oo. In view of [F, 6.15], there is a quasi 
isomorphism of i?-complexes HoniR(HoniR(M, D), D) ~ Hoiiir((/, D). Let 

D = -> I Q I-i . . . 7_„ -> 

where n € No and each is injective. We note that for each j > 0, there is Hom R (Q, D)j = 
©i=o Homij;(G_i, I-i+j). It follows from [CFH, Theorem 5.3] that each Hom R {Q, D)j is G-flat. 
On the other hand the quasi isomorphism M = HoniR(Homfl(M, D), D) ~ Yioxn R {Q, D) of i?- 
complexes implies the following exact sequence i?-modulcs 

->> Hom H (0, D), -y Hom fl (0, £>) s -i Hom R (0, £>) A/ 

where s < t + n. Thus Gfd R M < oo. □ 

Theorem 3.10. Let (i?,m) be a Cohen- Macaulay local ring of dimension d and let M be a 
Cohen- Macaulay R-module of dimension n. If H™(M) is of finite G-injective dimension, then 
Gid R H^(M) = d — n. In particular, if M is maximal Cohen- Macaulay, then H^M) is G-injective. 

Proof. As iJ"(M) is Artinian, there are the following isomorphisms 

Hl(M) = Hl(M) ® R R = H^ R (M ® R R). 

We note that M R is a Cohen-Macaulay i?-module of dimension n and by Lemma 3.6, we 
have Gid R (H™(M) = Gid R (H™(M) ®r R) = Gid R (H^ A (M ® R R)). So we may assume that R 
is a complete local ring and hence R has a dualizing module. Using the local duality theorem for 
local cohomology, we have the isomorphism H™(M) = Hom^(Ext^~ n (M, w), E(R/m)) where uj is 
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a dualizing module of R. It follows from [BH, Theorem 3.3.10] that Ext^~"(M, u>) is a Cohen- 
Macaulay i?-module of dimension n and by the previous isomorphism and the assumption it has 
finite G-flat dimension. Now, in view of [HI, Theorem 3.19] and [CFFr, Theorem 2.8], we have 
Gfd R (Ext£~ n (M,w)) = depth/?- dcpth(Ex4""(M, w)) = d-n. The fact that E(R/m) is injcctivc 
cogenerator and [CFH, Theorem 5.3] imply that Gid R (H^(M)) = d — n. The second claim follows 
easily because dimAf = d. □ 



Theorem 3.11. Let (i?,m) be a Cohen- Macaulay local ring of dimension d and let M be a Matlis 
reflexive strongly torsion free R-module. If ' Gid R M < oo, then Gfd^M < oo. 

Proof. There are the following isomorphisms 

M ^ hmM/m"M = lim(i?/m" ® R M) = lim(i?/m" ® R Hom H (M, E{R/m))) 

= lim(Hom^(Hom fl (i?/m n , M), E(R/m))) 

= Rom R {]haaom R (R/m n ,M),E(R/m)) = (r m (M)) 

where ( — ) = Kom R (— , E(R/m)) is the Matlis duality functor. One can easily show that M is 
strongly cotorsion and Matlis reflexive. Application of [S2, Corollary 3.3] implies that T m (M) is 
strongly cotorsion and Matlis reflexive. On the other hand, since M is of finite G-flat dimension, 
one easily conclude that M is of finite G-injective dimension. The fact that M is a Matlis reflexive 
i?-modulc implies the isomorphism M = M ® R R and since M is strongly cotorsion, we have 
Ext^,(i?, M) = for all i > 0. Moreover, there are the following isomorphisms 

Rom R (R, M) = Rom R (M ® R R, E(R/m)) = Rom R (M, E(R/m)) ^ M. 

Thus it follows from [ET2, Theorem 2.7] that M e J (R). Therefore the equality r m (A/) = 
T mR (M) and [S3, Proposition 4.9] imply that T m (M) G Jo(R) and so r m (M) is of finite G- 
injective dimension as i?-module by [EJ1, Proposition 10.4.23]. Now, in view of [CFH, Theorem 
5.3], we conclude that (r m (M)) is of finite G-flat dimension as -R-module which this fact gives the 
assertion. □ 



Corollary 3.12. Let (i?,m) be a Cohen- Macaulay local ring of dimension d and let M be a Matlis 
reflexive strongly torsion free R-module. If Gfd R M < oo, then Gid R (RoTa R (M ,tu)) < oo, where u> 
is the dualizing module of R. 

Proof. It follows from [S2, Theorem 3.2] that M is a maximal Cohcn-Macaulay /Z-module and 
Hom^,(M,o;) £ J$(R) by [S3, Theorem 4.14]. Since M is a Matlis reflexive i?-modulc, we have an 
isomorphism M ® R R = M which implies the isomorphism Hom^,(Af ,w) = Hom R (M , w). On the 
other hand, since M is Matlis reflexive, there are the following isomorphisms 

Hom_ R (-R,Hom_ R (M,a;)) = Rom R (R <& R M,w) = Rom R (M, uj). 

Moreover by considering this fact that any i?-injective resolution of Hom R (M , ui) is an R- 
injective resolution of Hom#(M,w) and for any injective i?-module E there is an isomorphism 
Kom R (R, E) = E, we deduce that Ext^ (i?, Hom R (M, w)) = for all i > 0. Now, the assertion 
follows by [ET2, Theorem 2.7]. □ 
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